The Boussinesq equation is equivalent to such a system.
(iii) There is a complex field u such that the equations of motion are as in Eq. 1 I &i5u &Su&4 [5] Currently, there is much interest in completely integrable Hamiltonian systems. These arise in a wide variety ofproblems in plasma physics, hydrodynamics, solid-state physics, and particle physics. When the Hamiltonian form is known, many properties are readily deduced (1) . Ifcanonical coordinates and momenta are known to exist, one can deduce more. For example, first-order integral invariants (2) associated with a constant of motion of the system can be constructed. Further results are obtained if one has the canonical coordinates explicitly. Thus, the Poincar6-Cartan (3) invariant can be constructed. Quantization also becomes straightforward.
We ask the question, "Can canonical coordinates and momenta be constructed for the three large classes of equations described below?" These seem to include almost all known completely integrable systems. The Darboux theorem (see, for example, ref. 3, p. 230) states that for a finite-dimensional Hamiltonian system it is always possible to find canonical coordinates locally. For the infinite-dimensional systems to be discussed the answer to our question is "yes." Explicit and global canonical coordinates are constructed. They are essentially the Fourier transforms ofthe fields. Gardner (4) obtained similar results for the periodic Korteweg-de Vries equation.
The classes of equations are: (i) There is a real field u(xt), -00 < x < om. The equation of motion is [1] where [2] where e is an odd function. An example is the Korteweg-de Vries equation.
(ii) There are two real fields 40')(x, t), i = 1, 2, -a) < x < mo. The equations are
An example is the nonlinear Schrodinger equation.
Many more examples for the various classes are given in ref.
5.
We give the canonical coordinates and momenta for these three classes in the form of three theorems. THEOREM 1. The equations of the first class can all be
O -°k <oo.
[7]
[9]
t is the original Hamiltonian expressed in the new variables. It is obtained by replacing u by the inverse ofEqs. 8 and 9-i.e.,
A(k) and r,(k) are numbers such that i(ik)
Proof: From the definition of Eq. 2,
[10]
[11]
[12]
Using this and the expressions ofEqs. 8 and 9, we readily obtain
and [3] x/,(t)= W<, i) e, i = 1, 2 and the Poisson bracket is The right-hand side of Eq. 16 is also readily calculated because SFV/q(k) = f'-(8F./8u(x)) (&s(x)/8q(k))dx. From Eq. [18]
Similarly, OpF(k) J_ Ou(x)A(k) cos kx dx.
[19]
Inserting these expressions in the right-hand side of Eq. 16, we then get the right-hand side of Eq. 17 in virtue of Eq. 11.
In particular, if we choose Fj to be either q(k) or p(k) and Fj to be XC, we obtain Eqs. 6 and 7. -00 < k < 00
and 00 q(k) = { u(x)e-ikx -i(x)eikx} dx.
[32]
The proofis closely parallel to the previous ones and so we omit it.
Some examples: For class 1: The Korteweg-de Vries equation. We take this in the form ut = -d {u2 + 2uxx}.
[33]
Then WC = f 00 {u3/3 -(u,)2}dx and C(d) = -a.. The equation in canonical form is Eqs. 6 and 7, where
Proof: This closely parallels the previous one. From Eq. 4 we find the fundamental brackets to be [0(i)(X), (i)(X-)] = 0, [4(')(x),O+2)(x')] = C(ax)S(x -x'). 
We conclude that for many nonlinear equations of current physical interest canonical coordinates and momenta can be introduced. Then many theorems that are obtained by using the canonical coordinates become available. For example, we will show elsewhere the following theorem. Suppose we have acompletely integrable Hamiltonian system for which canonical coordinates can be introduced. Consider perturbations about a particular solution. Then to any order in perturbation theory the resulting linear equations form completely integrable Hamiltonian systems. This has strong implications for the stability of the solution about which one has linearized.
